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Let d  2. A construction of d-dimensional dual hyperovals in
PG(2d + 1,2) using quadratic APN functions was discovered by
Yoshiara in [S. Yoshiara, Dimensional dual hyperovals associated
with quadratic APN functions, Innov. Incidence Geom., in press].
In this note, we prove that the duals of the d-dimensional
dual hyperovals in PG(2d + 1,2) constructed from quadratic APN
functions are also d-dimensional dual hyperovals in PG(2d + 1,2)
if, and only if, d is even. Some examples are presented.
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1. Introduction
Let m and d be integers with m > d 2. Let GF(2d+1) be a ﬁnite ﬁeld consisting of 2d+1 elements.
We denote the set of non-zero elements of GF(2d+1) by GF(2d+1)× . Let PG(m,2) be an m-dimensional
projective space over the binary ﬁeld GF(2). C. Huybrechts and A. Pasini deﬁne higher-dimensional
dual hyperovals in [2]. A family S of d-dimensional subspaces of PG(m,2) is called a d-dimensional
dual hyperoval in PG(m,2) if it satisﬁes the following conditions:
(1) any two distinct members of S intersect in a projective point,
(2) any three mutually distinct members of S intersect trivially,
(3) the union of the members of S generates PG(m,2), and
(4) there are exactly 2d+1 members of S .
Let b(x, t) be a function of x and t on GF(2d+1) which satisﬁes the following conditions:
(1) b(x, t) + b(y, t) = b(x+ y, t) and b(x,0) = 0 for all x, y and t in GF(2d+1),
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which satisﬁes that b(a, s) + b(a, t) = 0,
(3) as,t1 = as,t2 for any mutually distinct s, t1 and t2 of GF(2d+1), and
(4) all elements of {b(x, t) | x, t ∈ GF(2d+1)} generate GF(2d+1) as a vector space over GF(2).
Lemma 1. Let S be a set which consists of X(t) for every t ∈ GF(2d+1), where X(t) := {(x,b(x, t)) | x ∈
GF(2d+1)×}. Then S is a d-dimensional dual hyperoval in PG(2d + 1,2) = GF(2d+1) × GF(2d+1)\{(0,0)}.
Proof. X(t) ∪ {(0,0)} is a (d + 1)-dimensional vector space over GF(2) by (1). Hence X(t) is a
d-dimensional subspace in PG(2d + 1,2). Moreover, we have X(0) = {(x,0) | x ∈ GF(2d+1)×}. If
(x,b(x, s)) = (x,b(x, t)) as an element of X(s) ∩ X(t), then we have b(x, s) + b(x, t) = 0, hence
x = as,t by (2). Therefore, X(s) ∩ X(t) is a projective point (as,t ,b(as,t , s)) = (as,t ,b(as,t , t)). Since
X(s) ∩ X(t1) = {(as,t1 ,∗)} = {(as,t2 ,∗)} = X(s) ∩ X(t2) by (3) if s, t1 and t2 are mutually distinct el-
ements, we see that any three mutually distinct members intersect trivially. It is easy to see that the
cardinality |S| = |GF(2d+1)| = 2d+1. By (4), X(0) = {(x,0)} and X(t) = {(x,b(x, t))} for t ∈ GF(2d+1)×
generate PG(2d + 1,2). Hence S is a d-dimensional dual hyperoval in PG(2d + 1,2). 
Dual hyperovals with b(x, t) = xσ t + xtτ , where σ and τ are generators of the Galois group
Gal(GF(2d+1)/GF(2)), are studied by Yoshiara in [5]. Dual hyperovals with b(x, t) = xσ t + xf (t),
where f (t) is a monomial o-polynomial on GF(2d+1) and σ is a generator of the Galois group
Gal(GF(2d+1)/GF(2)), are studied by Yoshiara and the author in [4]. Dual hyperovals with b(x, t) =
f (x+ t)+ f (x)+ f (t)+ f (0) are constructed by Yoshiara in [6], where f is a quadratic APN function.
(See the deﬁnition in Section 2.) We note that b(x, t) is symmetric on x and t in the last case.
Let Tr be the trace function from GF(2d+1) to GF(2).
Deﬁnition 2. Let S be a dual hyperoval deﬁned in Lemma 1. For any member X(t) ∈ S , we deﬁne the
dual X⊥(t) of X(t) as
X⊥(t) := {(α,β) ∣∣ Tr(αx+ βb(x, t))= 0 for any x ∈ GF(2d+1)}
for (α,β) in GF(2d+1) × GF(2d+1)\{(0,0)} = PG(2d + 1,2). Thus, we regard X⊥(t) ⊂ PG(2d + 1,2). We
deﬁne the set S⊥ as follows,
S⊥ := {X⊥(t) ∣∣ t ∈ GF(2d+1)}.
We call the set S⊥ the dual of the dual hyperoval S .
Note that X⊥(t)∪{(0,0)} is a dual vector space of X(t)∪{(0,0)} in the (2d+2)-dimensional vector
space GF(2d+1)×GF(2d+1) over GF(2) for any t . In particular, X⊥(0)∪{(0,0)} = {(0, β) | β ∈ GF(2d+1)}.
Hence X⊥(t) is a d-dimensional subspace of PG(2d + 1,2) = GF(2d+1) × GF(2d+1)\{(0,0)}. Therefore,
we see that S⊥ is a set of d-dimensional subspaces in PG(2d + 1,2) with the cardinality |S⊥| = 2d+1.
It is not diﬃcult to show that X⊥(s)∩ X⊥(t) is a projective point for distinct s and t . However, we do
not prove it here because we will not use it in this note.
In this note, we prove the following theorem.
Theorem 11. Let S be a d-dimensional dual hyperoval in PG(2d + 1,2) constructed from a quadratic APN
function f over GF(2d+1). Then the dual S⊥ is a d-dimensional dual hyperoval in PG(2d+ 1,2) if, and only if,
d is even.
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A function f over GF(2d+1) is called quadratic, if
f (x+ y + z) + f (x+ y) + f (y + z) + f (z + x) + f (x) + f (y) + f (z) + f (0) = 0
for all elements x, y, z of GF(2d+1). We deﬁne the set Vt for t ∈ GF(2d+1)× by
Vt :=
{
f (x+ t) + f (x) + f (t) + f (0) ∣∣ x ∈ GF(2d+1)}.
Then, since ( f (x+ t)+ f (x)+ f (t)+ f (0))+ ( f (y+ t)+ f (y)+ f (t)+ f (0)) = f (x+ y+ t)+ f (x+ y)+
f (t)+ f (0) by deﬁnition of quadratic function, we see that the set Vt is a vector space over GF(2) for
every t ∈ GF(2d+1)× .
A function f over GF(2d+1) is called almost perfect nonlinear (APN), if the cardinality
∣∣{x ∈ GF(2d+1) ∣∣ f (x+ t) + f (x) = u}∣∣ 2
for every t ∈ GF(2d+1)× and every u ∈ GF(2d+1). Note that, if x = a is a solution of f (x+ t)+ f (x) = u,
then x = a + t is also a solution. Hence we have the following fact.
Fact 3. Let f be a quadratic APN function. Then, for every t ∈ GF(2d+1)× , the vector space Vt is a
d-dimensional vector subspace in the (d+1)-dimensional vector space GF(2d+1) over GF(2), since the
mapping
GF
(
2d+1
) 	 x 
→ f (x+ t) + f (x) + f (t) + f (0) ∈ Vt
is a two-to-one mapping.
A function f over GF(2d+1) is called crooked, if for every t ∈ GF(2d+1)× , the set
Dt :=
{
f (x+ t) + f (x) ∣∣ x ∈ GF(2d+1)}
is an aﬃne hyperplane of GF(2d+1). (See Kyureghyan [3].)
As for a quadratic APN function f , since Dt = Vt + f (t) + f (0), that is, since Dt = {x + f (t) +
f (0) | x ∈ Vt}, it is easy to see that f is a crooked function.
We deﬁne a surjective mapping Tβ for β ∈ GF(2d+1)× as
Tβ : GF
(
2d+1
) 	 x 
→ Tr(βx) ∈ GF(2).
Fact 4. For every d-dimensional vector subspace (hyperplane) V in the (d + 1)-dimensional vector
space GF(2d+1) over GF(2), there exists a unique element β ∈ GF(2d+1)× such that Ker(Tβ) = V .
From now on, we assume that f is a quadratic APN function on GF(2d+1).
Deﬁnition 5. Let t be any element of GF(2d+1)× . Since Vt is a hyperplane of GF(2d+1), it follows from
Fact 4 that there exists a unique element β of GF(2d+1)× such that Vt = Ker(Tβ). We denote this
element β by βt .
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{x | Tr(βt x) = 1} according as Dt coincides with the vector space Vt or the complement GF(2d+1)\Vt
of the vector space Vt .
Let us deﬁne a mapping φ as:
φ : GF(2d+1)× 	 t 
→ βt ∈ GF
(
2d+1
)×
.
We note that φ−1(β) = {t ∈ GF(2d+1)× | β = βt}.
According to Kyureghyan [3], for non-zero element β in GF(2d+1), let us deﬁne
T f (β) :=
{
t ∈ GF(2d+1) ∣∣ Tr(β( f (x) + f (x+ t)))= 0 for all x ∈ GF(2d+1)}
and
T¯ f (β) :=
{
t ∈ GF(2d+1) ∣∣ Tr(β( f (x) + f (x+ t)))= 1 for all x ∈ GF(2d+1)}.
We note that T f (β) 	 0 and T¯ f (β) /	 0. Recall that T f (β)\{0} consists of elements t in GF(2d+1)×
for which Dt is contained in Ker(Tβ). Notice that Dt is either a hyperplane Vt of GF(2d+1) or its
complement GF(2d+1)\Vt , while Ker(Tβ) is a hyperplane. Thus the condition Dt ⊆ Ker(Tβ) is satisﬁed
exactly when Ker(Tβ) = Dt = Vt . This is equivalent to the condition β = βt . Hence we have T f (β) :=
{t | β = βt with Dt = Vt} ∪ {0}. Similarly, we have T¯ f (β) := {t | β = βt with Dt = GF(2d+1)\Vt}. Since
φ−1(β) ∪ {0} = {t | β = βt} ∪ {0} = T f (β) ∪ T¯ f (β), we have the following lemma.
Lemma 6. Let φ : t 
→ βt be a bijective mapping. Then, for any non-zero element β , there exists a unique
non-zero element t with β = βt for which one of the following conditions (1) or (2) is satisﬁed:
(1) T f (β) = {0, t} and T¯ f (β) = ∅, or
(2) T f (β) = {0} and T¯ f (β) = {t}.
The Fourier transform of f is the map F f : GF(2d+1) × GF(2d+1)× → Z deﬁned by
F f (α,β) :=
∑
x∈GF(2d+1)
(−1)Tr(αx+β f (x)),
where Z is the set of all integers.
The following lemma is proved by Kyureghyan in [3].
Lemma 7. For every α ∈ GF(2d+1) and β ∈ GF(2d+1)× , we have
F f (α,β)2 = 2d+1
∑
t∈T f (β)
(−1)Tr(αt) − 2d+1
∑
t∈T¯ f (β)
(−1)Tr(αt).
Proposition 8. For a quadratic APN function f on GF(2d+1), the mapping φ : t 
→ βt is bijective if and only
if d is even.
Proof. Firstly, we assume that φ is bijective. We use Lemma 6. Take any β ∈ GF(2d+1)× . Assume that
the condition (1) in Lemma 6 is satisﬁed by β . Then T f (β) = {0, t} and T¯ f (β) = ∅. If we choose an
element α of GF(2d+1) such that Tr(αt) = 0, then it follows from Lemma 7 that
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Since F f (α,β)2 is a square of some integer, we see that d is even.
Assume that case (2) in Lemma 6 occurs. Then T f (β) = {0} and T¯ f (β) = {t}. If we choose an
element α of GF(2d+1) so that Tr(αt) = 1, then it follows from Lemma 7 that
F f (α,β)2 = 2d+1 × (−1)Tr(α×0) − 2d+1 × (−1)Tr(αt) = 2d+1 + 2d+1 = 2d+2.
Since F f (α,β)2 is a square of some integer, we see that d is even, in this case too. Hence we have
proved that, if φ is a bijective mapping, then d is even.
Conversely, we assume that φ is not bijective. Then, there exists an element β in GF(2d+1)× such
that φ−1(β) = ∅. As φ−1(β) ∪ {0} = T f (β) ∪ T¯ f (β), we have T f (β) = {0} and T¯ f (β) = ∅. Then it
follows from Lemma 7 that
F f (α,β)2 = 2d+1 × (−1)Tr(α×0) = 2d+1
for every α ∈ GF(2d+1). Since F f (α,β)2 is a square of some integer, we see that d must be odd. 
Note 1. We are able to prove that, if a quadratic APN function f is bijective, then d is even. However,
even in the case d is even, there are many non-bijective quadratic APN functions.
Example 9. Let f be a bijective quadratic APN function on GF(2d+1), and let x1, x2 be two distinct
elements in GF(2d+1). Let a := ( f (x1)+ f (x2))/(x1 + x2)2. Then, F (x) := f (x)+ ax2 is a quadratic APN
function with F (x1) = F (x2).
3. The duals of d-dimensional dual hyperovals in PG(2d+ 1,2) constructed from quadratic APN
functions
Let f be a quadratic APN function on GF(2d+1). We may assume that f (0) = 0 if we replace f (x)
by f (x) + f (0). Let
S f :=
{
X(t)
∣∣ t ∈ GF(2d+1)}
with
X(t) := {(x, f (x+ t) + f (x) + f (t)) ∣∣ x ∈ GF(2d+1)×}.
Then it is proved by Yoshiara [6] that S f is a d-dimensional dual hyperoval in PG(2d + 1,2) =
GF(2d+1) × GF(2d+1)\{(0,0)} for d  2. We note that b(x, t) = f (x + t) + f (x) + f (t) deﬁned in Sec-
tion 1 is a symmetric function on x and t .
As in Section 1, we deﬁne the dual of the dual hyperoval S f by
S⊥f :=
{
X⊥(t)
∣∣ t ∈ GF(2d+1)},
where
X⊥(t) := {(α,β) ∣∣ Tr(αx+ β( f (x+ t) + f (x) + f (t)))= 0 for any x ∈ GF(2d+1)}
for (α,β) ∈ GF(2d+1) × GF(2d+1)\{(0,0)}.
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GF(2d+1)\{(0,0)} as we saw in Section 1. We refer to Section 2 for the deﬁnitions of the vector
space Vt , non-zero element βt and the mapping φ : t 
→ βt for any t ∈ GF(2d+1)× .
Proposition 10. S⊥f is a d-dimensional dual hyperoval in PG(2d+1,2) if and only if φ is a bijective mapping.
Note 2. Let t ∈ GF(2d+1)× and let us assume that Tr(β( f (x + t) + f (x) + f (t))) = 0 for some ﬁxed
β ∈ GF(2d+1)× and for any x ∈ GF(2d+1). Then, since { f (x + t) + f (x) + f (t) | x ∈ GF(2d+1)} = Vt , we
have Vt = Ker(Tβ). Therefore we have β = βt by Fact 4 and by Deﬁnition 5.
Proof. Assume that S⊥f is a dual hyperoval. By deﬁnition of X
⊥(t) for t ∈ GF(2d+1)× , and since
X⊥(0) = {(0, β) | β ∈ GF(2d+1)×}, we have
X⊥(0) ∩ X⊥(t) = {(0, β) ∣∣ Tr(β( f (x+ t) + f (x) + f (t)))= 0 for x ∈ GF(2d+1)}.
Hence we have X⊥(0) ∩ X⊥(t) = {(0, βt)} by Note 2. Then, for t1 and t2 in GF(2d+1)× with t1 = t2,
since X⊥(0) ∩ X⊥(t1) = X⊥(0) ∩ X⊥(t2) by (2) of the deﬁnition of dual hyperoval in Section 1, we
have βt1 = βt2 . Therefore, φ is injective, hence a bijective mapping.
Conversely, assume that φ : t 
→ βt is a bijective mapping for t in GF(2d+1)× . We have X⊥(0) ∩
X⊥(t) = {(0, βt)} for t = 0 as we explained above. Assume that s and t are distinct elements of
GF(2d+1)× . Then, X⊥(s) ∩ X⊥(t) consists of (α,β) ∈ GF(2d+1) × GF(2d+1)\{(0,0)} satisfying equations
Tr
(
αx+ β( f (x+ s) + f (x) + f (s)))= 0 for any x ∈ GF(2d+1) (1)
and
Tr
(
αx+ β( f (x+ t) + f (x) + f (t)))= 0 for any x ∈ GF(2d+1). (2)
Adding these equations, and then using the property that f is quadratic, we have
Tr
(
β
(
f (x+ s + t) + f (x) + f (s + t)))= 0 for any x ∈ GF(2d+1).
Hence we have β = βs+t by Note 2. Note that, since βs+t = βs and since f is a quadratic APN function,
the mapping
ψs+t,s : GF
(
2d+1
) 	 x 
→ Tr(βs+t
(
f (x+ s) + f (x) + f (s))) ∈ GF(2)
is a non-trivial linear mapping over GF(2). In particular, the kernel of the mapping ψs+t,s is a hyper-
plane of GF(2d+1). By (1), we see that α satisﬁes
Tr(αx) = Tr(βs+t
(
f (x+ s) + f (x) + f (s))) for any x ∈ GF(2d+1). (3)
As the kernel of ψs+t,s is a hyperplane, there exists a unique element α in GF(2d+1)× which satisﬁes
that Ker(Tα) = Ker(ψs+t,s) from Fact 4. Therefore, there exists a unique element α ∈ GF(2d+1)× which
satisﬁes (3).
We note that ψs+t,s = ψs+t,t , that is,
Tr
(
βs+t
(
f (x+ s) + f (x) + f (s)))= Tr(βs+t
(
f (x+ t) + f (x) + f (t)))
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Tr(βs+t( f (x+ s + t) + f (x) + f (s + t))) = 0. Thus α is uniquely determined by X⊥(s) and X⊥(t).
Therefore, for distinct elements s and t in GF(2d+1), we have a unique projective point
X⊥(s) ∩ X⊥(t) = {(α,βs+t)
}
.
(Note that, if s = 0 or t = 0, then α = 0.)
By the assumption that φ is a bijective mapping, for any mutually distinct elements s, t1 and t2 in
GF(2d+1), we have
X⊥(s) ∩ X⊥(t1) =
{
(∗, βs+t1 )
} = {(∗, βs+t2 )
}= X⊥(s) ∩ X⊥(t2).
Since X⊥(t) is the dual space of X(t) in PG(2d+1,2) by deﬁnition, X⊥(t) is a d-dimensional subspace.
(We recall that, since d  2, the dimension of the ambient space of S f is 2d + 1. See Proposition 2.2
of [6].) Moreover, we have |S⊥f | = |S f | = |GF(2d+1)| = 2d+1. Hence, we conclude that S⊥f is a d-
dimensional dual hyperoval.
Lastly, we prove that the dimension of the ambient space of S⊥f is 2d + 1. Assume to the contra-
diction that there exists a hyperplane
H := {(x, y) ∣∣ Tr(xa + yb) = 0}⊂ GF(2d+1)× GF(2d+1)\{(0,0)}
for some ﬁxed (a,b) = (0,0) which contains every members of S⊥f , that is, assume to the contradic-
tion that we have Tr(αa + βb) = 0 for every (α,β) in ⋃t∈GF(2d+1) X⊥(t). Since H contains X⊥(0) =
{(0, β) | β ∈ GF(2d+1)×}, we have Tr(0a + βb) = 0 for every β = 0, hence we have b = 0, therefore
a = 0. Let s and t be distinct elements in GF(2d+1). Then, we have X⊥(s)∩ X⊥(t) = {(α,βs+t)}, where
α is a unique element which satisﬁes
Tr(αx) = Tr(βs+t
(
f (x+ s) + f (x) + f (s))) (4)
for any x ∈ GF(2d+1), as we see in (3). Since H contains X⊥(s) ∩ X⊥(t), we have Tr(αa) = 0 by as-
sumption. Hence, if we put x = a in (4), we conclude that
Tr
(
βs+t
(
f (a + s) + f (a) + f (s)))= 0
for every distinct s and t in GF(2d+1). This means that, we have Tr(βlx) = 0 for every x in Va =
{ f (a+ s)+ f (a)+ f (s) | s ∈ GF(2d+1)} and for every l ∈ GF(2d+1)× if we put l := s+ t . Thus we have a
contradiction by Fact 4. Therefore, we see that the dimension of the ambient space of S⊥f is 2d+1. 
As a consequence of Propositions 8 and 10, we have the following theorem.
Theorem 11. Let S f be a d-dimensional dual hyperoval in PG(2d + 1,2) constructed from a quadratic APN
function f over GF(2d+1). Then the dual S⊥f is a d-dimensional dual hyperoval in PG(2d+ 1,2) if, and only if,
d is even.
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In this section, we present some examples of the duals S⊥ of some d-dimensional dual hyper-
ovals S in PG(2d + 1,2).
Example 12. Let σ be a generator of Gal(GF(2d+1)/GF(2)), and f (t) a polynomial on GF(2d+1). Let
S := {X(t) | t ∈ GF(2d+1)}, where X(t) := {(x, xσ t + xf (t)) | x ∈ GF(2d+1)×}. It is proved in [4] (also
see [5]) that S is a d-dimensional dual hyperoval if and only if f (t) is an o-polynomial on GF(2d+1).
Let f (t) be an o-polynomial on GF(2d+1). Then, the dual S⊥ of the dual hyperoval S is S⊥ :=
{X⊥(s) | s ∈ GF(2d+1)}, where
X⊥(s) := {(βσ−1 s + β f (sσ ), β) ∣∣ β ∈ GF(2d+1)×}.
Since f (sσ ) is not necessarily an o-polynomial, S⊥ is not necessarily a dual hyperoval.
Proof. Tr(αx + β(xσ t + xf (t))) = 0 for any x ∈ GF(2d+1) if and only if Tr((α + β f (t))x + βxσ t) =
Tr(((α + β f (t))σ + βt)xσ ) = 0 for any x ∈ GF(2d+1). Hence, we have (α + β f (t))σ = βt . Therefore, we
have α = βσ−1 s + β f (sσ ) if we put s := tσ−1 . 
Example 13. Let σ and τ be elements of Gal(GF(2d+1)/GF(2)). Let S := {X(t) | t ∈ GF(2d+1)}, where
X(t) := {(x, xσ t+xtτ ) | x ∈ GF(2d+1)×}. Then, Yoshiara [5] proved that S is a d-dimensional dual hyper-
oval if and only if σ and τ are generators of Gal(GF(2d+1)/GF(2)). The dual S⊥ of the dual hyperoval
S is S⊥ := {X⊥(s) | s ∈ GF(2d+1)}, where
X⊥(s) := {(βσ−1 s + βsστ ,β) ∣∣ β ∈ GF(2d+1)×},
as in Example 12.
Assume that d is odd. If σ and τ are generators of Gal(GF(2d+1)/GF(2)) then the orders of σ and
τ must be odd. However, since the order of στ is even, S⊥ is not a d-dimensional dual hyperoval in
this case. If d is even, S⊥ is a d-dimensional dual hyperoval in many cases.
Example 14. Let σ be a generator of Gal(GF(2d+1)/GF(2)). Then f (x) = xσ+1 is a quadratic APN
function called Gold power function. Consider the dual hyperoval S f := {X(t) | t ∈ GF(2d+1)} con-
structed from the quadratic APN function f . Since f (x+ t) + f (x) + f (t) + f (0) = xσ t + xtσ , we have
X(t) := {(x, xσ t + xtσ ) | x ∈ GF(2d+1)×}. Then, as in Example 13, we have S⊥f := {X⊥(s) | s ∈ GF(2d+1)},
where
X⊥(s) := {(βσ−1 s + βsσ 2 , β) ∣∣ β ∈ GF(2d+1)×}.
If d is odd, then σ 2 is not a generator of Gal(GF(2d+1)/GF(2)). Hence S⊥f is not a dual hyperoval
as in Example 13. This is also the consequence of Theorem 11.
If d is even, then S⊥f is always a dual hyperoval since σ
−1 and σ 2 are generators of
Gal(GF(2d+1)/GF(2)). However, since b(β, s) = βσ−1 s + βsσ 2 is not symmetric on β and s in gen-
eral, S⊥f is not a dual hyperoval constructed from a quadratic APN function except the case σ
−1 = σ 2,
that is, except the case d = 2. In this exceptional case, S f and S⊥f are 2-dimensional dual hyperovals
in PG(5,2). We note that S f and S⊥f are isomorphic in this case. (See Del Fra [1] or Yoshiara [5].)
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